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We give short elementary proof of some combinatorial result in the theory of
automorphic pseudodifferential operators.  1997 Academic Press
Given a non-negative integer n and variables a, b, c, x, y, z with
x+y+z=n&1, we define
Tn(a, b, c; x, y, z)
:=
(&4)n
\2xn +
:
r+s=n
\ y&a&cr +\
y&a+c
r +
\2yr +
\z+a&bs +\
z+a+b
s +
\2zs +
.
Cohen, Manin, and Zagier proved the following result, which plays the key
role in their work on the correspondence between classical modular forms
and pseudodifferential operators [1, Theorem 2].
Theorem. Tn(a, b, c; x, y, z) is symmetric in the three pairs of variables
(a, x), (b, y), and (c, z) and is an even function of a, b, and c.
Their proof used the non-commutative residue map and the duality
between modular forms of weight k and 2&k. They also indicated that it
would be interesting to find a direct combinatorial proof. It is the purpose
of this note to present a simple elementary proof of the above result. Our
original proof didn’t use the theory of hypergeometric series, but depended
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on the identity (4.13) in [1]. The referee has suggested the proof based on
the Whipple’s transformation, and here we follow hisher idea.
Proof of the Theorem. Consider a generalized hypergeometric series
pFq \:1 , ..., :p ; z\1 , ..., \q += :

k=0
(:1)k } } } (:p)k
(\1)k } } } (\q)k
zk
k!
,
where z # C, and (a)0=1, (a)k=a(a+1) } } } (a+k&1).
The starting point is the following identity.
Lemma 1. We have
Tn(a, b, c; x, y, z)=
(&4)n
\2xn +\
2z
n +
\z+a&bn +\
z+a+b
n +
_4F3 \&n, &y+a+c, &y+a&c, 2z&n+1; 1z+a+b&n+1, z+a&b&n+1, &2y + .
Proof. It follows immediately from the definitions.
Note that this is a balanced 4F3 (i.e., the sum of the top parameters
minus the sum of the bottom parameters equals 1). The following classical
transformation by Whipple (see [2, formula (10.11)]) is a crucial argument
in the proof of the theorem.
Lemma 2. For the balanced 4F3 we have
4F3 \&n, a, b, c; 1d, e, f +=
(e&a)n ( f&a)n
(e)n ( f )n
4F3 \ &n, a, d&b, d&c; 1d, 1+a&e&n, 1+a&f&n+ .
Proof of the Theorem. By Lemmas 1 and 2 we obtain
Tn(b, a, c; y, x, z)=
(&4)n
\2yn +\
2z
n +
\z&a+bn +\
z+a+b
n +
_
(&x&b&c)n (&y&a&c)n
(&x&y&a+b)n (&2x)n
_4F3 \ &n, &x+b+c, &y+a+c, &z+a+b; 1&x&y+a+b, &x&z+a+c, &y&z+b+c+ .
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Note that 4F3( } } } ) is invariant under (a, x) [ (b, y). The identity
\z&a+bn +
\2yn + (z&a+b&n+1)n (&2x)n
=
\z+a&bn +
\2xn + (z+a&b&n+1)n (&2y)n
implies that the first multiplier in the above expression for Tn(b, a, c;
y, x, z) is also invariant under (a, x) [ (b, y). Hence Tn(b, a, c; y, x, z)=
Tn(a, b, c; x, y, z). The invariance under (a, x) [ (c, z) and (b, y) [ (c, z)
follows by the same argument.
Tn(a, b, c; x, y, z) is an even function of b and c by definition, and from
the above it is also an even function of a. The proof of the theorem is now
complete.
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